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MORDELL-WEIL LATTICES AND TORIC 
DECOMPOSITIONS OF PLANE CURVES 

REMKE KLOOSTERMAN 


Abstract. We extend results of Cogolludo-Agustin and Libgober relat¬ 
ing the Alexander polynomial of a plane curve C with the Mordell-Weil 
rank of certain isotrivial families of jacobians over of discriminant 

C. 

In the second part we introduce a height pairing on the (2,3, 6) quasi- 
toric decompositions of a plane curve. We use this pairing and the results 
in the first part of the paper to construct a pair of degree 12 curves with 
30 cusps and Alexander polynomial —t+ 1, but with distinct height 
pairing. We use the height pairing to show that these curves from a 
Zariski pair. 


1. Introduction 

Let C = V{g{zo, zi, Z 2 )) C P^ be a (reduced) plane curve. If C is cuspidal 
and its degree is divisible by 6 then Cogolludo-Agustin and Libgober [2] 
expressed the Mordell-Weil rank of the elliptic threefold X given by = 
+ g{s,t, 1) in terms of the degree of the Alexander polynomial Ac of C. 
Their result relies on the following observations: 

(1) The elliptic threefold is birational to the quotient of E x S' by an 

action of Z/6Z, where E is the elliptic curve y'^ = + 1, and S is 

the smooth projective model of the surface r® = g{s,t, 1). 

(2) A non-torsion element of the Mordell-Weil group of X yields a non¬ 
constant morphism S ^ E. 

(3) The Albanese variety of S is isogeneous to a power of E. 

(4) h^{S) equals twice the order of vanishing of Ac at a primitive sixth 
root of unity. 

Libgober extended these results in the subsequent papers [HI [12] . In [TT] 
he studied the Mordell-Weil rank of the Jacobian of x^ + y‘^ + g{s, t, 1) (con¬ 
sidered as a curve over C{s,t)), where C = V{g{zo, zi, Z 2 )) is a plane curve 
which certain prescribed types of singularities. In |12] he dealt with certain 
two-dimensional families of isotrivial abelian varieties where the discrimi¬ 
nant of the family has prescribed singularities. 
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In this paper we consider the Jacobian of the minimal smooth projec¬ 
tive model of the curve H : f{x,y) + g{s,t,l) over C(s,t), where g is a 
weighted homogeneous polynomial in x and y. In our approach we use 
various Thom-Sebastiani type results to relate the vanishing order of the 
Alexander polynomial of C to the Mordell-Weil rank of the Jacobian of 
H. Cogolludo-Libgober and Libgober needed to impose strong conditions 
on the type of singularities of C in order to prove the property ([3|). The 
advantage using Thom-Sebastiani type results is that we can replace these 
local constraints by a global, much weaker, assumption on C. However, 
the generic fiber of our families are always Jacobians of plane curves. In 
the final section we will discuss a result where our approach is not optimal, 
i.e., we prove a result where the use of Albanese varieties yields a stronger 
statement than the Thom-Sebastiani type results. 

To formulate our main result, we first have to recall Libgober’s approach 
to calculate the Alexander polynomial of a plane curve [9]. For a rational 
number (3 in the interval (0,1) he studied the ideals of regular functions 
whose constant of quasiadjunction is at least /? at every singular point of C. 
For practical convenience we denote the ideal of such functions by 
The ideal is saturated and defines a zero-dimensional scheme of length 
la. Let d be the degree of C. Let ha{k) be the Hilbert function of If 
da is an integer, set 

da — l(y hai^ad J)* 

Denote C(a) = exp(27riQ:). 

Let f{xo,xi) be a reduced weighted homogeneous polynomial. For a 
rational number a set v{a) to be the multiplicity of a in the Steenbrink 
spectrum of /. Our main result is the following: 

Theorem 1.1. Let f G C[xo,xi] be a weighted homogeneous polynomial 
with integral weights and of weighted degree e and let g G C[yo,yi,?/ 2 ] be a 
squarefree homogeneous polynomial of degree d. Assume 

e I d and i'{a)6a = 0. 

0<a<l 

Then the Mordell-Weil rank of the group of C{s,t)-valued points of the Ja¬ 
cobian of the general fiber of H : f{x, y) -\- g{s, t, 1) equals 

(i/(a) u{a - 1)) ordi=^(o) Ac(t) 

0<«<1 

In the case that d is even, C is a curve with only ADE singularities and 
/ = xf -|- xl one easily shows that 

i'{a)5a = 0 

0<o<l 

always holds. Moreover, the spectrum of / consists of for i = 1,... , e— 

1 and each number occurs with multiplicity one. In particular, we obtain 
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Corollary 1.2. Let g G C[yo,yi,y 2 ] be a homogeneous polynomial of even 
degree d, such that C = V{f) is a curve with only ADE singularities. Let e 
be a divisor of d. Then the Mordell-Weil rank of the group of C{s,t)-valued 
points on the Jacobian of the general fiber of H ■. y'^ = + g{s,t, 1) equals 

L^J 

2 ordt 

=C(l/2+Ve) 

i=l 


In particular, for e = 3,4 we recover the main result of [2]. 

The structure of the proof of the main theorem is as follows: Choose 
the weights for the coordinates of / such that the degrees of / and g are 
equal. Consider the threefold X C P{wi,W 2 , 1,1,1) given by the vanishing 
of /(xo, xi)+g{yo,yi,y 2 ). It turns out that our assumptions on the 6a imply 
that the MHS on H*{X) is of pure (2,2)-type. From this purity statement 
we deduce that H 4 ^{X) can be generated by classes of Weil-divisors on X. 
Then we prove a variant of the Shioda-Tate formula to show that the rank 
of the Jacobian equals — 1. The purity statement and our formula for 

h^{X) use several Thom-Sebastiani type results. 

We have several applications of this result. A toric decomposition of type 
{p,q) of C = V{g) consists of two forms /i ,/2 such that /f + /| = 5- A 
quasi-toric decomposition of type {p, q, r) consists of three co-prime forms 
/i)/ 2,/3 such that /f + /| = f^g. The quasi-toric decompositions of type 
{p,q,lc'ni{p,q)) are precisely the “finite” C(s, t)-rational points of the curve 
Xi + X 2 -\-g{s,t,l). (The polynomial X]’-|-X 2 -|-< 7 ( 5 , t, 1) defines an affine curve 
over C(s, t). It has a unique smooth projective model. The additional points 
are called the points at infinity. One easily checks that these additional 
points are all C(s, f)-rational.) 

If H is the curve given by x\-\- X 2 + g{s, t, 1), then we have the following 
chain of inclusions: 


J quasi-toric decompositions of 
\ C of type (p,g,lcm(p,g)) 


C 3ac{H){C{s,t)) C H^{X,Z)pn^. 


Our main result gives a sufficient (and necessary, see below) condition, 
in order that the second inclusion yields a subgroup of finite index. The 
first inclusion is very often strict, but the rational points of H can be 
used to study the Jacobian of H and vice-versa. In the case that (p, q) G 
{(2,3), (2,4), (3,3)} we have that H/C{s,t) is an elliptic curve and hence 
H = 3ac{H). Therefore the first inclusion is an equality. Moreover, we can 
use the theory of elliptic surfaces to define a height pairing on the quasi- 
toric decompositions of C. We call the lattice obtained in this way the 
Mordell-Weil lattice. 

Depending on the value of (p, (?) we have that the vanishing of Ji/6)<5i/4 
or implies that the height pairing is invariant under equisingular defor¬ 
mations. Hence we can use this pairing to detect Zariski pairs. For example: 
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Theorem 1.3. There exists an Alexander equivalent Zariski pair (Ci,C 2 ) 
of degree 12 curves with 30 cusps and Alexander polynomial t^ — t + 1- 

If C is of degree Gk then the (2,3)-toric decompositions of C correspond 
to the vectors of length 2k in the Mordell-Weil lattice, and there are no non¬ 
zero vectors of shorter length. In the case of sextics (fc = 1) we determine 
the possible Mordell-Weil lattices: 


#Cusps 

Mordell-Weil lattice 

^Shortest vectors/ 
#toric decompositions 

< 5 or 6 not on a conic 

0 

0 

6 on a conic or 7 

A 2 

6 

8 

Da 

24 

9 

Eg 

72 


Moreover, in the sextic case we discuss the relation between our results 
and Degtyarev’s proof US! of part of Oka’s conjecture. We use Degtyarev’s 
proof to conclude that if g G C[s, t] is a reduced polynomial of degree at most 
6 then the group E{C{s, t)) of C(s, t)-points on y'^ = x^ + f is generated by 
points from E(C[s,t]). There are counterexamples to this statement if we 
do not require deg(/) < 6. (Actually, we use the failure of this statement in 
our construction of the Zariski pair in degree 12.) 

Our final application consists of a result on elliptic surfaces, namely: 

Theorem 1.4. Let L = C(s) the funetion field o/P^. Let f G L[t] be an 
irreducible polynomial. Let A,B^C be such that AA^ + 27B^ 0. Then 

the rank of Ei{L[f)) is zero for 

El : y"^ = x^ + E 2 : y"^ = x^ + f{t)x and E^ ■. y"^ = + Apx -|- Bf^. 

A similar result holds if L is algebraically closed, but for many non al¬ 
gebraically closed fields L the above statement is false. We prove a similar 
result on isotrivial families of abelian varieties: 

Theorem 1.5. Let A/C{s,t) be an abelian variety (in particular, with neu¬ 
tral element O in A{C{s,t))) such that there exists a finite eyelic extension 
K/C{s,t) of prime power degree p"' and sueh that 

(1) there exists an abelian variety A^jQ with Ak = {Aq)k; 

(2) the ramification divisor K/C{s,t) is a prime divisor and 

(3) the group A{C{s,t)) is finitely generated. 

Then A{C{s,t)) is finite. 

The paper is organized as follows. In Section [2] we recall some facts on 
the ideals of quasiadjunction and show the purity statement on the MHS 
of H*{X). In Section [3| we establish the relation between the Alexander 
polynomial and the Mordell-Weil rank and prove Theorem ll.il In Section [4| 
we recall some facts on the height pairing of elliptic surfaces. In Section [5] we 
use the height pairing to bound the number of toric decomposition of plane 
curve. In Section [6| we use the height pairing to establish a Zariski pair of 
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curves with the same Alexander polynomial and we prove Theorem II.31 In 
Section [3 we discuss our application to elliptic surfaces. 


2. Ideals of quasi-adjunction 


Let X = V{f) be a hypersurface in weighted projective space P(w) with 
coordinates zq^. .. Let E be the set of points on X where X is not 

quasismooth. Assume that E is finite. Consider the differential form 


9_ 

f 




^^0 ^ ^dzi 

-A • • • A-A • • • A 

zo Zi 


dZn+l 

^n+1 


where g' is a homogeneous polynomial such that deg( 5 f) = deg(/) — 

The residue of this form defines an n-form on X \ E. To decide whether 
this form can be extended to an arbitrary resolution of singularities of X, 
one has to check the so-called adjoint conditions at every point p. This are 
local conditions, hence the polynomials g satisfying these conditions form 
an ideal, which we call 

Let d be the degree of / and let e be a divisor of d. For 1 < fc < e — 1 
we define c K[zo, ..., Zn+i] as follows: Consider the hypersurface Xg 

given by -|- / = 0 in P(d/e, ■w). Now an element g of C[zo, ..., Zn+i] is in 

/(fc/e) if Qj^iy if 

is in the adjunction ideal of -|- /. Note that 
is a saturated ideal, and that V (Vc E. 

Libgober showed that in the case P(w) = P”-+i the ideal is kd/e — 

n — 1-regular ini Corollary 4.2]. Let us denote by the defect of 
in degree kd/e — n — 2, i.e., the difference between the Hilbert polynomial 
and the Hilbert function of Libgober |10l Theorem 4.1] showed that 


e—1 


/i-’0(Xg) = ^4/g 
k=l 


and that 



is a divisor of the Alexander polynomial of X. In the curve case (n = 1) 
Libgober proved the equality 

A(t) = AhO(t)AbO(t)(i _ 1)^-1, 

where r is the number of irreducible components of X. (See [9].) 

Next, we recall some results on the cohomology of the Milnor fiber of 
an isolated singularity. The following results can be found in [8l Section 
H.8], unless stated otherwise. Let f(xi,X 2 ) = 0 be a weighted homogeneous 
isolated curve singularity. Let F be the Milnor fiber of / and consider F[^ (F). 
There is a natural MHS on this vector space. Let T be the monodromy 
operator. Then the T-invariant subspace of H^{F) coincides with the (1,1)- 
part of H^{F). Since the singularity is weighted homogeneous we get that 
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T is semi-simple and acts on WiH^{F). All eigenvalues of T on WiH^{F) 
are different from 1. 

Let g{yo,yi,y 2 ) be a reduced homogeneous polynomial. Then its zero-set 
C is a curve in with isolated singularities. There are two equivalent ways 
to define the Alexander polynomial of C. The first definition (e.g., see [6l 
Definition 4.1.19]) is 

Definition 2.1. The Alexander polynomial of a reduced plane curve C = 
V{g) C is the characteristic polynomial of the monodromy acting on 
H^{G), where G is the Milnor fiber of g. 

There is a second, purely group-theoretic, definition of the Alexander 
polynomial, which depends on the choice of an epimorphism 7ri(P^ \ (C U 
1)) —)■ Z, where I a general line. (E.g., see [9].) 

Definition 2.2. Define the join of f{xi,X 2 ) and g{yo,yi,y 2 ) to be the poly¬ 
nomial f{xi,X 2 ) + g{yo,yi,y 2 )- If F is the Milnor fiber of / and G is the 
Milnor fiber of G, then we denote hy F (B G the Milnor fiber of the join of 
/ and g. 

In the sequel, we need to know the dimension of the subspace of F[^{F(BG) 
left invariant by T together with its mixed Hodge structure. Let us recall 

Lemma 2.3. Suppose f{xi ,..., Xn+i) has an isolated singularity at the ori¬ 
gin and g{yi, ■ ■ ■ ,ym) has an arbitrary singularity at the origin. Let F and 
G be the corresponding Milnor fibers. Then there is an isomorphism 

jjn+k+if^p, © G, Q) ^ H^{F, Q) © H’^iG, Q) 

that respects the monodromy. 

Proof. This follows from [H Lemma 3.3.20]. □ 

For an isolated singularity f{xi,...,Xn+i) = 0 we have the so-called 
(Steenbrink) spectrum of /. This is a formal sum of rational numbers. 
The multiplicity n{a) of a rational number a in the spectrum equals the 
dimension of the C(~<a)-eigenspace of the semi-simplification of the mon¬ 
odromy operator acting on Gr^ H^{F). The spectrum is symmetric 
around (n — l)/2. Note that n{a) is zero outside the interval (—l,n). If 
/ is weighted homogeneous with weights Wi and degree d, and M{f) is the 
Milnor algebra of /, then we have 

iy{a) = dimM(/)(o+i)d_j^^.. 

Example 2.4. The spectrum of / = xf + xf equals (—|) + (|)- 

Lemma 2.5. Let /(xi,X 2 ) = 0 be a weighted homogeneous isolated curve 
singularity. Let g{yo,yi,y 2 ) be a reduced homogeneous polynomial and G = 
V{g) C P^. Then H^{F © G^ has dimension 

^ {u{a-l) + n{a)){6a + Si-a) = ^ (i/(a - 1) + zz(a)) ordi=^(„) Ac(t) 

0<a<l 0<a<l 
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Proof. For a G [0,1) let us denote by H^{F)a the C(a)-eigenspace of the 
monodromy operator. Then we have 

0<a<l 

Now dimi/^(G)Q, equals the order of vanishing of the Alexander polyno¬ 
mial of C at t = C(ci)) which is 5a + ^i-a- 

From the definition of the spectrum it follows that dimFf^(F’)Q, equals 
Ylkez + k). Since / is an isolated curve singularity we find that the 
only nonzero contribution may occur at A; = 0,1. Combining everything we 
get 

{i^{a) + u{a - l)){5a + 6i-a). 


Lemma 2.6. Let f,g be two curve singularities. If {X,p) is locally the 
join of f and g, then the local cohomology group Hp{X) has a MHS of pure 
weight 4. 

Proof. Let F be the Milnor fiber of a curve singularity. Then the only 
nontrivial weights of the MHS on H^{F) are 1 and 2 and there is a natural 
identification between Gi^ H^{F) and H^{F)'^. 

Scherk and Steenbrink showed a Thom-Sebastiani property for the spec¬ 
trum of the join of two isolated singularities. (See [Ill Cor 8.12].) Moreover, 
they expressed the Hodge numbers of the MHS on the cohomology of the 
Milnor fiber T 0 G in terms of the Hodge numbers on the cohomology of 
the two singularities and the action of the monodromy operator. 

In our case we find that the only non-trivial Hodge weights of H^{F © G) 
are 3 and 4 and that Gr(y H^{F 0 G) is isomorphic to H^{F 0 G)^. From 
{Hp{X)) < F’^H^{F)'^) (see, e.g., (SJ Equation (1.6)]) it follows now 
that Hp{X) is of pure weight 4. □ 

Lemma 2.7. Let f{xi,X 2 ) = 0 be a weighted homogeneous isolated curve 
singularity. Let g{yo,yi,y 2 ) be a reduced homogeneous polynomial. Assume 
that the weighted degree of f divides deg(g'). Let X C P(?/;i,u; 2 ,1,1,1) be 
^if A) g). Then the MHS on H‘^{X) is of pure weight j. 

Proof. Let X be the threefold corresponding to f{xi,X 2 ) + giyo,yi,y 2 ) = 0. 
Let S be the locus where X is not quasismooth. Then S is contained in 
V{xi.,X 2 ). At every point p G S we have that the singularity is the join of 
two curve singularities. In particular Hp{X) is of pure weight 4. 

Recall that H^{X) fits in exact sequence 

^ hI^{X) H^{X) H^{X \ S) ^ ... 

From H^{X \ S) = C(— 2) it follows now that H^{X) has pure weight 4. □ 


R. KLOOSTERMAN 


For the reader’s convenience we remark that in the sequel / is a weighted 
homogeneous polynomial of weighted degree d, where we assume that the 
weights are integral, but not necessarily co-prime. 

Proposition 2.8. Let f{xi,X 2 ) be a weighted homogeneous polynomial of 
weighted degree d with integral weights, such that f has an isolated singular¬ 
ity at the origin. Let g{zo, zi, Z 2 ) be a reduced homogeneous polynomial of 
degree d. 

Consider the threefold X C P(r(;i,t(; 2 ,1,1,1) given by f + g = 0. Then 
the MHS on H^{X) is pure of weight 4 and we have h'^’^{X) = 0, 

h^'^{X) = ^ v{—a)5a and h^’‘^{X) = \ + ^ {u{a — l)6a + i^{ct)6i-a) 
0<a<l 0<a<l 

Proof. Let U be the complement of X. Let F and G the affine Milnor fibers 
of / and g respectively. Using Poincare duality and the Gysin exact sequence 
for cohomology with compact support we get 

h^iF © Gf = h^{U) = hl{U) = hi{X) - 1 = h^{X) - 1. 

Hence we can determine h‘^{X) using Lemma [2.5[ From the previous lemma 
it follows that H^{X) has a pure weight 4 Hodge structure. Let X be a 
resolution of singularities of X, with exceptional divisor E. Then we have 
an exact sequence 

H^{E) H^{X) H^{X) H^{E) H^{X), 

see m Corollary-Definition 5.37]. Since the Hodge weights of H^{E) are 
at most 3 and H^{X) is of pure weight 4, we find that H^{X) —)• H^{X) 
is injective. Since H^{E) is of pure ( 2 , 2 ) type we get hP'^~'P{H'^{X)) = 
hP'‘^~P[X) = hz'~'P''P~^{X) for p ^ 2. In particular, = 0 and 

1 ^ 3,1 ^ 1 ^ 1,3 ^ 

Now 

= h^^\Hl{U)) = h^^^{H\U)) = h^^^{H\E(BGf) 

The first equality follows from the Gysin sequence for cohomology with 
compact support, the second from Poincare duality (C/ is a Q-homology 
manifold). 

Hence to prove our result we need to determine h^’^{H^{F(BG)'^). Lemma 
12.31 gives an isomorphism {H^{E (B G),Tf^g) — (77^(T) © L7^(G), Tp © Tg). 
However, the mixed Hodge structure is harder to determine. 

We are first going to determine the MHS on , where U' = {f+g = 

1, / 7 ^ 0 ,5 7 ^ 0} is an open subset of the affine Milnor fiber. Consider the 
affine curve G given by + s'’* = 1, t 7 ^ 0, s 7 ^ 0. Then there is a natural 
map G X E X G ^ U' given by {t, s, xi, ..., Xn,yi, ... ,ym) mapping to 
{txi,... ,txn, syi ,..., sym). This map is Galois, with group H := Z/dZ x 
Z/eZ. 

Let C' be Z{x‘^ F y^ F z^) in P(e/d, 1,1). Then C' is smooth and is the 
projective completion of G. There is a natural dd-action on both C and 


TORIC DECOMPOSITIONS 


9 


C'. The cohomology of C together with the Hodge filtration and the in¬ 
action can be easily described using the Grifhths-Steenbrink identification 
with the Jacobian ring of C. The Gysin exact sequence for compact support 
now shows that H^{C) is an extension of by (as MHS). 

From this we obtain that h^{C) = de + 1. Moreover, we find that H^{C) = 
C[ii]©C as C[ii]-modules. Fix generators for H such that (1,0) G H acts 
by multiplying s with Q{l/d) and leaving t invariant and such that (0,1) G ii 
acts by multiplying t with Q{l/e) and leaving s invariant. Let w = e/d. 

For integers 0 < a < d and 0 < 6 < e let H^{C)a,b be the intersection of 
C(a/(i)-eigenspace of (1,0) G H and the C(&/^)"6ig6'^space of (0,1) G H. 
Then the MHS on H^{C)a,b is of pure {p,q)-type with 

( (1,0) if wa + h < d 
(P) O') = ■{ (1) 1) if wa + b = doTa = b = 0 
(0,1) if wa + b > d. 

Multiplying Xi by C{wi/d) and yj by C(l/e) resp. gives a Ff-action on F x G. 
Consider again the map C x F x G ^ U' given by 

{s,t,xo,xi,yo,yi,y2) {-sxq, sxi,tyo,tyi,ty2). 

Let T be the monodromy operator, where the orientation is chosen such that 
T maps Xi to Q{wi/d)xi and yj to Q{l/d)yj. Then we have 

H^{U')= 0 {H\C)®W{F)®H^{G))^ 

i+j+k=a 

and 

= 0 0 {H\G)®W{F)^®H\G\_^)^. 

i+j+k=aa^^2/Z 

We have 

{H\G) ® W{F)^ ® = F*(C)(_,,„_i) ® W{F)^ ® H\G)i.^ 

Suppose first that a 0. Then iF*(C')(_a q_i) = 0 for i / 1 and 
FF^(C')(_q, q) = C(—1). Hence the sum over all a with a / 0 contributes 

^Lb0(FFi(F)„)Lb0(iFi(G)i_„)= u{a-l)5i.^= v{-a)5^ 

0<a<l 0<o<l 

to /l3d(iF3([/')), 

In the case a = 0 then H^{F)a has type (1,1) and H^{F)a has type (0,0). 
Similarly H^{G)-a^a-i has type (0,0) and H^{G)-a^a-i has type (1,1). For 
the third factor we have that H''{G)a is of type (z,f) for f = 0,1 and for 
i = 2 we have weights (2,1), (2, 2) and (1,2). Hence there is no contribution 
to for 0 = 0. 

Since Jq = 0 it suffices now to prove that 
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Consider now the map H^{F © G) —>■ H^{U'). We are going to prove that 
this map is an isomorphism on the (3, l)-part of the parts fixed by T. he., 
we want to show that the kernel and cokernel of 

have no (3, l)-parts. Applying Poincare duality on the fourfolds U' and 
F (B G, this is equivalent by showing that the kernel and cokernel of 

have no (l,3)-parts. 

Let S be Vif,g- 1) U V{f,g - 1). Then S = (F © G) \ G'. The above 
mentioned kernel and cokern are quotient of resp. subspace of 

and 

Now S has two connected components, namely / = 0,^ = 1 and / = 
l,g = 0. Note that / = 0 is a cone over d points. If we leave out the 
vertex then we get a space on which the action of T on the cohomology 
with compact support is trivial. Hence also on Hl({f = 0}) we do have a 
trivial T action. By a similar reasoning we find that T acts trivially on the 
cohomology of 5 = 0. By the Kiinneth formula we have 

0 G*({/ = O})©G^(G )'^0 0 Hl{Ff®Hi{{g = 0}) 

i-\-j=k i-\-j=k 

The only Hodge types of the cohomology of / = 0 are of the form {p,p) 
and since the Hodge type of the cohomology of G are all of the form {q,q), 
{q, g ± 1 ) we do not have a contribution of the first summand to h^’^. 

Similarly for Fl^F)"^ we have only possible Hodge types are of the form 
{p, p) , and since the cohomology of s' = 0 consists of cohomology pulled back 
form the projective curve defined by it, and some classes of type {q,q), we 
get only classes of type {p,p± 1) and {p,p). Hence the and of the 
above mentioned kernel and cokernal are zero and we are done. □ 

Remark 2.9. The above strategy can be used to describe the MHS on H^{F(B 
G) in terms of W{F) and H^{G). However, a complete description is more 
cumbersome than the description of the part we needed for our proof. 

We can also apply this strategy for the join of two isolated quasihomo- 
geneous singularities and we recover the result of Scherk and Steenbrink 

m- 

Remark 2.10. Using that z/(a) = v{—a) and i^(—1) = 0 we get 

ii^{a-l)6a + i^ia)6i-a) = i'{0)5i + 2 ^ i^{a)5i-a 
0<o<l 0<a<l 

Remark 2.11. Using ^{a) = z^(—a) again we get that if = 0 then 

the MHS on H^{X) is of pure (2, 2)-type. 
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Example 2.12. Suppose f = x\ + xf. Then i/(— 1/6) = p(1/6) = 1 and 
p(a) = 0 for any other a. Hence /i^’^ = 0 if and only if = 0. Moreover, 

= 2 ^ 5/0 . 

Similarly if / = Xq + xf then = 0 if and only if 5ii2-kle = 0 
A: = 1,..., e — 1. 

In these case we have 

(e-l)/2 

/l^’^ = 1 + 2 ^ '5l/2+fc/e 
k=l 

if e is odd and 

(e-2)/2 

= 1 + (5i + 2 ^ <5l/2+fc/e 

fc=l 

if e is even. 


3. Mordell-Weil ranks of Jacobians of isotrivial families of 

CURVES 

Let C = {g{zQ,zi,Z 2 ) = 0} be a reduced curve of degree d. Let /(xi,X 2 ) 
be a weighted homogeneous polynomial with integral weights wi,W 2 such 
that the weighted degree of g is d. Then 

f{x,y) + g{s,t, 1) = 0 

defines a curve H over C{s,t). Let J be its Jacobian. We will now discuss 
how one can determine the rank of J{C{s,t)) if certain 5a vanish. Consider 
now the threefold X C P { 1 x 1 , 102 , 1,1,1) defined by 

/(X1,X2) + gizo,zi,Z2). 

We will prove the following result: 

Theorem 3.1. Let f,g,H and X be as above. Assume that X]o<a<i 
vanishes. Then the rank of J{C{s,t)) equals 

2 J^{o^)5i-a = ~ 1 ) ^c{t)- 

0<a<l 0<a<l 

Remark 3.2. If C has only semi-quasihomogeneous singularities then the 
ideals and therefore their Hilbert function, can be determined effectively. 
For arbitrary curve singularities these ideals are well-understood. 

Remark 3.3. If 5 = xf + x^ then J{H) = H. Moreover if C is a cuspidal 
curve then J^/g = 0 and hence 'f2h'{a)6a = 0. Hence we recover the main 
result of [ 2 ]. 

Consider the rational map t(; 2 ,1,1,1) —^ P^, defined by sending 

{x,y, zq, zi, Z 2 ) to {zo,zi,Z 2 ). This map can be made into a morphism by 
blowing up the line ioo given by zq = zi = Z 2 = 0. Let X' be the strict 
transform of X and : X' —>• P^ be the induced morphism. Let X be a 
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resolution of singularities of X'. Let tt : X —)• be the composition of 

X ^ X' with 'll;. 


Proposition 3.4. Assume that X]o<q:<i = 0- 

Let e be the number of points in the intersection of loo cmd X. (Equiv¬ 
alently, e is the number of branches of f = 0 at the origin). Let r be the 
number of irreducible components of the exceptional divisor of X —)• X'. 
Then 


rankPic(X) = h^{X) + e + r 


Proof. If TT : y —)• X is a proper modification with center A and exceptional 
divisor E we have an exact sequence |161 Corollary 5.37] 

(3.1) H^X) H\Y) © 77*(A) ^ H\E) 

We apply this sequence to the modifications X' ^ X and X ^ X' and their 
composition. 

First note that the exceptional divisor S of A —>• A is a union of surfaces. 
Hence H‘^{E) is pure of type (2,2). From Remark 12.111 it follows that the 
mixed Hodge structure on H^{X) is of pure (2,2)-type. Hence the mixed 
Hodge structure on H^{X) is pure of type (2, 2). By [6l Theorem 5.2.11] we 
obtain that H^{X) vanishes. The exact sequence (|3.ip yields H^{X) = 0, 
hence H^{X) = 0 holds by Poincare duality. In particular, 

rankPic(A) = h‘^{X) = h^{X). 

The line ioo intersects A in e points. Over each of these points the ex¬ 
ceptional divisor of A' ^ A is irreducible. In other words Div(A') = 
Div(A) © TA and Div(A) = Div(A') © TI. From (13.111 one obtains 

h^[X') - h\X) = e and h\X) - h^{X') = r. 

□ 


Definition 3.5. Let D be a prime divisor in A. We call D vertical if 7r(Zl) 
is a point or a curve and we call D horizontal if 'k{D) = P^. 

Denote by Div^,(A) the subgroup generated by the vertical divisors in 
Div(A). Denote by Pic.y(A) the subgroup generated by the vertical divisors 
in Pic(A). 

Lemma 3.6. Suppose C has c irreducible components. Then we have 
rankPic„(A) = 1 + r + c(e — 1). 

Proof. Let D C A be a vertical prime divisor and consider its image D' in 
A'. Since the image of an irreducible component of exceptional divisors of 
A —)■ A' in X' is a point we get that if D' is not a divisor in X' then D' is 
a point, and D is a component of the exceptional divisor. 

If D' is a divisor in X' then its image in P^ is an irreducible curve Cq. If 
Co is not a component of C then the fiber of if over a general point of Cq is 
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irreducible and D' = In particular, D is a linear combination of a 

class from 7r*Pic(P^) and exceptional divisors. 

Write C = UCj, with Cj irreducible. Then the number of irreducible 
components of equals e. The sum of these e components is an 

element of i/^*Pic(P^). Denote with Dij the components of 

From the above discussion we obtain that Pic^(X) can be generated by 
the pull back of a line in P^, the r exceptional divisors Ei,..., Er and the 
Dij with jG{l,...,e—1}. In particular, 

rankPic„(X) < I + r + c(e — I). 

To show that we have equality we need to show that the above constructed 
classes are linearly independent. Suppose there are a,bi,Cij G Q such that 

r c e—1 

(3.2) a 7 r *{£) + ^ kEi + ^ ^ Dj = 0 

2=1 2=1 j=l 

in Pic(X). In the sequel, we are going to prove that then a = 0 and Cij = 0 
for all i,j. Since the exceptional divisors and Tr*i are linearly indepedent in 
Pic(X) this suffices to show that 

rankPic„(X) > 1 + r + c(e — I). 

Pick now a general line i in P^. Then S := is a smooth surface. 

Define now Eij := Dij n S. The inclusion S ^ X induces a map Pic(X) —)• 
Pic(S'). The exceptional divisors are in the kernel of the above map. Hence 
the pullback of (13.2p is 

clE ^ ^ CijEij — 0 

where T is a general fiber of the map S ^ i. 

We are now going to compute the Gram matrix of the E, Eij with respect 
to the intersection pairing: For i k we have that Eij and Ef^^^ are dis¬ 
joint. Moreover, for each i we have that the general fiber in a linear 

combination of the Eijs. Note that each of the points “at infinity” yields a 
section £ —)• S', choose one of them to be the zero-section. We consider next 
the subgroup A of the Picard group of S generated by the class of a fiber, 
the zero-section, and all fiber components Eij which do not intersect the 
zero-section. These are 2 -|- c(e — I) classes and it suffices to show that they 
are linearly independent, since I + c(e — 1) are images of vertical classes. 

Consider the Gram matrix G of the intersection pairing on A. This matrix 
consists of c -|- I blocks, i.e., A is the orthogonal direct sum of c sublattices 
Aj corresponding to the singular hbers and one rank two lattice. This latter 
lattice has an element of positive self-intersection. Hence by the Hodge- 
index theorem we get that the other c sublattices do not have elements with 
positive self-intersection. 

We need to show that each A* has rank e — I. 

Fix an z and consider now the lattice A( spanned by Eij for all j. Then A( 
contains the lattice ZE ©■*■ A( as a lattice of finite index. Assume that Ei^^ is 
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the unique component intersection the zero section. The determinant of the 
Gram matrix on F,Ei^i,... is zero. Since T is a linear combination 

of Ei^i ,..., Ei^^ we have that the determinant of the Gram matrix on these 
generators is also zero. 

If / is homogeneous a polynomial of degree d then Eij.Ei^k = 1 for j / k. 
Moreover, E^^ is independent of i and j. Set e = Efy The eigenvalues of 
the Gram-matrix on Ei^i ,..., Ei^^ are e -|- e — 1 (with multiplicity one) and 
e — 1 (with multiplicity e — 1). From the above discussion we know that one 
of them is zero, i.e. e = lore = l — e 

The eigenvalues of the Gram-matrix on Flip,..., are e -|- e — 2 (with 

multiplicity one) and e — 1 (with multiplicity e — 2). We know that both 
are nonnegative. In particular e < 2 — e. Therefore e = 1 — e. In particular 
the Gram-matrix on Flip, • • • > has nonzero determinant and therefore 

rankAj = e — 1. Hence we find that the rank of A is c{d — 1) -|- 2, which 
finishes the proof in this case. 

If / is not homogeneous, then there exist homogeneous polynomials Fi, F 2 
such that /(Fi, F 2 ) has an isolated singularity and is homogeneous of degree 
d. Consider now the threefold Y obtained by blowing up /(Fi, F 2 ) + g = 0 
along £ 00 • Let 5' = T n 7r“^(£). Then we have a finite morphism S' —)■ S. 
Hence we find that for each reducible fiber there is at most one relation 
between the general fiber and the fiber components. Therefore we have 
rankPic„(5) > 1 -|- c(e — 1) and we are done. □ 

Lemma 3.7. IFe have 


rank J(FI)(C(s, t)) =rankPic(JA) — rankPic^(X) — 1. 

Proof. Let F" be a general fiber of vr. Let rj be the generic point of P^. Let 
Zq be the zero-section. Then the map Pic(JA) —)■ J{H){C{s,t)) defined by 
D I—7- — [D.E)Zq is surjective. Let F> be a divisor in the kernel, then for 
some k we have Dr/ — k{ZQ)n = 0 in J{H). The degree of Dr/ — k{Zo)r^ as a 
divisor on H is zero, i.e. dim|F)^ — A:(Zo),j| = 0. In particular, there is an 
open subset [/ C on which we have This means 

that D — kZQ is a sum of prime divisors Di such that 7r(F>i) C P^ \ t/. In 
particular, each Di is a vertical divisor. Hence the rank of the kernel of the 
map Pic(JA) —)■ J{H)(C{s,t)) equals rankPic„(X) -|- 1. □ 

Proposition 3.8. IFe have 


rank J(FI)(C(s, t)) < h‘^{X) — (e — l)(c — 1) — 1, 


where equality if attained if and only if ^ v{a)5a = 0. 
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Proof. We have 


rank J(ff)(C(s, t)) = 


< 


rank Pic (X) — rankPic^(X) — 1 
rankPic(X) — 2 — r — c(e — 1) 
h^{X) - 2 - r - c{e - 1) 
h^{X') - 2 - c(e - 1) 
/i^(X)-2-c(e-l) + e 
h\X)-l-{c-l){e-l). 


If = 0 then the inequality is an equality. If ^p(q;)5q, ^ 0 then 

from Proposition 12.81 we obtain that h^'^{H'^{X)) > 0 and the inequality is 
strict. □ 


Proof of Theorem \S.1\ We have the following equalities: 

rankJ(F)(C(s,t)) = /i^(X) - 1 - (c - l)(e - I) 

= /i2’2(x) - 1 - p(0)<5i 
= 2 ^ p(q;)5i_„. 

0< Q !<1 

The hrst one follows from the previous proposition, the second equality 
follows from Proposition 12.81 and the equalities i^(0) = dimH^{V{f)) — 1 = 
e — 1 and = ord 4 =i Ac = c — 1. The third equality follows from the same 
proposition combined with Remark 12.101 
Similarly, we have 

rank J(//)(C(s, t)) = /i^(X) — 1 — (c — l)(e — 1) 

= X] ordt=^(„) Ac{t) - lyoSi. 


4. Height pairing for elliptig serfages 

In this section let be a field. We recall some well known facts on elliptic 
surfaces over K. For the details we refer to m Lecture III] and [l5l Lecture 
VII]. 

Definition 4.1. An elliptic surface is a smooth projective surface X to¬ 
gether with a morphism vr : V —>■ C to a smooth projective curve C, such 
that the general fiber is a genus one curve, no fiber contains a (—l)-curve, 
and there is a section uq : C —>■ V. 

A Weierstrass model for X consists of a choice of a line bundle £ on C 
and a hypersurface VF in P(0 © Cr'^ © such that W is birational to X 
and W is given by 

{Y‘^Z = X^ + AXZ^ + BZ^} c P(0 © © £"^) 
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for appropriate A G and B G H^{C^). The zero locus of 4yl^ + 27 B'^ 

is called the discriminant of this Weierstrass model. A Weierstrass equation 
is minimal if at every place p of C either Vp{A) < 4 or Vp{B) < 6 holds. 

A Ar(C')-rational point on the generic fiber E/K{C) of vr yields a rational 
section C X, which can be extended to a section C —)• X, since C is a 
smooth projective curve. There is a hberwise addition map, hence the group 
of sections is an abelian group. 

One easily shows that every elliptic surface with a section has a minimal 
Weierstrass model. 

Lemma 4.2. The Weierstrass model W coincides with X if and only if for 
every p £ C one of the following two conditions holds 

(1) Vp{A) <1 or 

(2) Up (A) = 2 and Vp{A) = 1. 

The common terminology for this case is an elliptic surfaces without re¬ 
ducible fibers. 

Definition 4.3. Let tt : A —>■ C be an elliptic surface. The trivial sublattice 
T of NS(A) is the lattice is generated by the class of a fiber, the class of 
the zero-section, and the irreducible components of the reducible fibers not 
intersecting the zero-section. 

One can easily check that the above mentioned generators of T are linearly 
independent in NS(A) (g) Q. 

Proposition 4.4 (Shioda-Tate formula). There is a natural isomorphism 
between NS(A)/T and the Mordell-Weil group E{K{C)). 

After tensoring with Q we can find a section + to the quotient map 
NS(A) 0 Q ^ E{K{C)) (8) Q, such that the image lands in the orthogonal 
complement of T. The restriction of the intersection pairing to ip{E{K{C))® 
Q) introduces a negative definite pairing on E{K{C))/E(K{C))toT- Shioda 
m defined the height pairing on E{K{C)) to be minus this pairing. 

In the sequel all elliptic surfaces under consideration are without reducible 
fibers. In this case the height pairing is easier to calculate than in the case 
with reducible fibers: 

Proposition 4.5. Let W he the Weierstrass model of an elliptic surface 
without redueible fibers. Then E{K{C)) is torsion free and the height pairing 
is an even positive-definite pairing. 

Moreover, let x = xi^w) be the Euler charaeteristic of the structure sheaf 
of W. Let {X : Y : Z) = (0 : 1 : 0) be the image of the zero section Z. Let 
cr : P^ —>• A = IT he another section and let S he its image in X. Denote 
the height pairing by {,) and the interseetion pairing on NS(IT) by (.). Then 

{S,S)=2x + 2{S.Z). 

If S' is a further section, then 

{S,S')=x + {S.Z) + {S'.Z)-{S.S'). 
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We now assume that C = P^. Then £ = 0-pi{k) for some k G Z>o. 
In this case xi^w) = k and W is the blow-up (at (1 : 1 : 0 : 0)) of a 
quasi-smooth hypersurface of degree 6k in P{2k,3k, 1,1). 

5. Heights, toric decompositions and Oka’s conjecture 

In this section we concentrate on the case where f = x‘1 + x^- To apply 
our main result we have to assume that deg( 5 ) = 6k. For historical reasons 
we denote the curve H/C{s,t) by E/C{s,t). 

From our main result it follows that if = 0 holds then we can compute 
the Mordell-Weil rank by determining the Alexander polynomial of C = 
V{g). In this section we use a variant of Shioda’s height pairing on elliptic 
surface to introduce a pairing on E{C{s,t)). We will show that if <5i/g = 0 
then the height pairing is invariant under equisingular deformations of the 
plane curve C, and hence can be used to detect Zariski pairs. We will do 
the latter in the next section. 

Consider now the elliptic threefold Xq -|- xf + g{yo,yi,y 2 )- Take now a 
general line £ of the form 1/2 = uoyo+oiyi- Then yi, ao2/o+ai2/i) 

is an elliptic surface with Mordell-Weil group E(^{C{t)). The specialization 
map E{C{s,t)) —>• Ei{C{t)) is injective. We can define the height pairing 
on E{C{s,t)) as the restriction of the height pairing on Ei{C{t)). 

Proposition 5.1. Let C = V{g) C P^ be a curve such that 6 | deg(y) 
and 5i/e = 0. Then the height pairing on E{C{s,t)) is invariant under 
equisingular deformations of g. 

Proof. Consider the an equisingular deformation gt of g. Then d^/g = 0 
holds along this family. 

Fix a general line I" in P^, and let Xt be the resolution of singularities of 
x"^ + x\ + gt, and let St = Xtf\ 7r“^(I'). Then St is an elliptic surface. The 
height pairing on E{C{s,t)) is the intersection pairing on the orthogonal 
complement of the class of the zero-section and of the fiber in the image 
of NS(Ai) in H‘^{St,'Zi). Since di/g vanishes we have by Remark 12.111 that 
H‘^{Xt,C) is of pure (1, l)-type and hence that NS (At) = H'^{Xt,7i). As 
H‘^{Xt, Z) is invariant under equisingular deformation, the same holds true 
for its image in H‘^{St,'Z). Hence the height pairing is invariant under 
equisingular deformations. □ 

A point of E{C{s, t)) can be represented by three coprime forms /i, / 2 , /s 
satisfying 



Hence every point of E{C{s,t)) yields a quasi-toric decomposition of g of 
type (2,3,6). From the fact that g is irreducible it follows directly that 
/i)/ 2)/3 are pairwise coprime. 

The height can now be calculated as follows: Let n = deg^fs) then 
deg(/i) = 2{k + n) and deg(/ 2 ) = 3{k + n). Then by the results of the 
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previous section we get that height of the point equals 2{k + n). A point 
corresponds to a toric decomposition of type (2,3) if and only if n = 0, 
Hence the height is 2k in this case and we obtain: 

Lemma 5.2. Every non-zero element of E{C{s,t)) has height at least 2k. 
The elements with height 2k correspond one-to-one to the toric decomposi¬ 
tions of g of type (2,3). 

Remark 5.3. Let w be a primitive third root of unity. If (/i,/ 2 ,/ 3 ) is a 
quasi-toric decomposition then so is (w/i, —/ 2 ,/a). Hence we get 6 toric 
decompositions. Many authors consider these decompositions equivalent. 

We can calculate the height pairing of two points similarly. If we have 
two points given by the quasi-toric decompositions (/i, / 2 , /s) and ( 51 , 52 ; ffs) 
then the height pairing equals 

k + ni + n2- deggcd(5|/i - /f^i, 93/2 - fi92), 
for ni = deg(/ 3 ) and n 2 = deg( 5 r 3 ). 

The elliptic curve E has an automorphism of order 6, sending (x, y) —)• 
{uPx,—y), with oj a primitive third root of unity. We denote the square of 
this automorphism by w. This makes E{C{s,t)) into a Z[a;]-module. From 
the fact that all singular fibers of S' —>■ £ are irreducible, it follows that 
E{C{s,t)) is torsion-free. In particular we have a free Z[a;]-module and the 
Mordell-Weil group is of even Z-rank. 

Since uj is an automorphism we have {ujP,ujP) = {P, P). 

Lemma 5.4. We have {P,ojP) = —^{P,P). 

Proof. This follows from 

{P,ujP) = {lvP,uj‘^P) = {ujP, {-uj - l)P) = -{P,P) - {P,ujP). 

□ 

Proposition 5.5. Suppose ordt=^(i/6) Ac = 1. Then C has either no (2, 3)- 
toric decompositions or precisely six {2,3)-toric decomposition. 

Proof. In this case we have that the Gram matrix of the height pairing is 

/ 2{k -\-n) —k — n\ 
y—k — n 2{k -\- n)J 

In particular, the lattice is A 2 {k-\-n). The shortest vector in this lattice has 
length 2{k -\- n) and there are precisely 6 shortest vectors. Hence if there is 
a toric decomposition then n = 0 and this decomposition is unique up to 
the /ig-action. □ 

Let us now consider irreducible sextic curves. Then Oka conjectured the 
following (see my- 

Conjecture 5.6. Let C he an irreducible sextic plane curve, having no toric 
decomposition of type (2,3). Then the following properties hold: 
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(1) Ac { t ) = 1 ; 

(2) If C has simple singularities then 7ri(P^ \C) — and 7ri(P^ \ 

(C U £)) = Z for a general line i; 

(3) vri(P^ \ C) = Z/6Z and vri(P^ \{C U i)) = Z for a general line i. 

Degtyarev [3] showed that the second and third statement are false. He 
proved part one in 13 ai- Note that if C has a quasi-toric decomposition of 
type (2, 3,6) then the Alexander polynomial is nonconstant. Hence from the 
first part of Oka’s conjecture it follows that if a sextic curves has a quasi- 
toric decomposition then it has a toric decomposition. In the next section 
we will see that the corresponding statement is false if deg(C') = 12. 

Degtyarev proved a stronger statement, relating the number of toric de¬ 
compositions with the vanishing order of the Alexander polynomial. In order 
to formulate this, we note first that 

Lemma 5.7. Let C be an irreducible sextic curve with isolated singularities. 
Let a G [0,1). If a 5/6 then 6a = 0. 

Proof. From the work of Zariski |20] it follows that for an irreducible plane 
sextic we have = <^ 2/3 = <^i /2 = 0- Hence the only possible non-zero 6a 
are Ji/g and ds/g- 

If di/g > 0 then one of the singularities of C has —5/6 in its spectrum. 
However, the spectrum of the surface singularity + y^ + z^ starts at —1/2, 
and hence by the semi-continuity of the spectrum [TO] we have = 0. □ 

In particular, the Alexander polynomial of an irreducible sextic is non¬ 
trivial if and only if dg/g > 0. Degtyarev showed in a previous paper that 
<^ 5/6 < 3 holds. In his proof of the hrst part of Oka’s Conjecture he showed 

Theorem 5.8 (Degtyarev). Let C he an irreducible sextic curve. Then the 
number of {2,3)-toric decomposition of C equals 6 if 6 q/q = 1, equals 24 if 
dg/g = 2 and equals 72 if 6 ^/q = 3. 

Our methods are not sufficient to reprove Theorem 15.81 but we obtain 
several related results which are of some independent interest. The first one 
is a corollary of Theorem 15.81 

Corollary 5.9. Let g be an irreducible sextic curve. Let E/C{s,t) be the 
elliptic curve y'^ = x^-\-g{s,t,l). Then E{C{s,t)) is generated by E{C[s,t]). 

Proof. The points in Fl(C[s,t]) are precisely the neuteral element and the 
points corresponding to toric decompositions. They generate a sublattice A 
of the Mordell-Weil lattice, which is a root lattice of even rank. Moreover, A 
contains all the shortest vectors of the Mordell-Weil lattice. Hence, if A has 
finite index in the Mordell-Weil lattice then it is the Mordell-Weil lattice. 

Since 5i/g = 0 our main result implies that the rank of E{C{s,t)) equals 
25g/g. 

If 5g/g = 1 then we know from Degtyarev’s results that the rank of A is 
positive and even. Since the Mordell-Weil lattice has rank 2 we are done in 
this case. 
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If ds/g = 2 then we know that A is a root lattice with 24 shortest vectors, 
of even rank, and rank at most 4. From the classification of root lattices we 
obtain that then rank A = 4 and we are done. 

Similarly, if dg/g = 2 then we know that A is a root lattice with 72 shortest 
vectors, of even rank, and rank at most 6. From the classification of root 
lattices we obtain that then rank A = 6 and we are done. □ 

We are now going to describe the Mordell-Weil lattices of elliptic three¬ 
folds associated with cuspidal sextics; 

Proposition 5.10. Let C be a sextic curve with 8 eusps. Then C has either 
6 or 24 torie decompositions. In the latter case the Mordell- Weil lattice is 
D^. 

Proof. Suppose we have more than 6 toric decompositions, say g = gf + fi = 
92 + /I) where the fi are cubics, the gi are quadrics and /i / ±/2- Then we 
find 

(/i - /2)(/i + /2) = {gi - g 2 ){gi - ^52)(51 - ‘^^52) / 0 

We can then find six forms ttg,ui,U2,fg,fi,^2 such that /i — /2 = uqUiU 2 , 
/i + /2 = VQV 1 V 2 and gi - g 2 = UjVj. 

From the fact that the degrees of the UiS and vjs are at most 2 it follows 
that it suffices to consider two cases, namely when deg(tt2) = 0 and the case 
where all Ui,Vj have degree 1. 

Suppose first that deg(tt2) = 0. Then we may assume U 2 = 1. We 
can solve the system gi — uj^g 2 = UjVj for j = 0,1 and we can express gi 
and g 2 in terms of uq,vq,ui,vi. In this case we have V 2 = gi — oj‘^g 2 is 
polynomial in uo,ui,vo,vi. We can then solve for /i,/2, and find the two 
toric decompositions. Let P correspond to {fi,gi) and Q to (/2,5'2)- Set 
a = {P,Q) and b = {P,ujQ). Then using that ui is an automorphism we 
obtain the following Gram matrix 

/ 2 -1 a b\ 

— 1 2 —a — b a 

a —a — b 2 —1 

\b a -1 2 / 

Note that a = 1 — deg(no) and 6 = 1 — deg(ni). Since deg(tto) + deg(ni) -|- 
deg(tt2) = 3 and deg(ni) < 2 we obtain {a, 6} = {0,-1}. The corresponding 
lattice is a rank 4 root lattice with discriminant 4. There is exactly one such 
lattice, namely D^. If C has eight cusps then the Alexander polynomial is 
{t^ — t + 1)^. Hence the Mordell-Weil group has rank 4. So ZI4 is a lattice of 
finite index in the Mordell-Weil lattice. If this index would be bigger than 
one then the Mordell-Weil lattice would be a positive definite unimodular 
lattice of rank 4. However, such a lattice does not exists and hence we get 
that the Mordell-Weil lattice is D/^. 

Consider now the second case, where deg(ni) = deg(nj) = 1 for all i,j. 
Then without loss of generality we may assume uq = x,ui = y,vo = z and 
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vi = ax + bx + cz. We can solve the system gi — uj^g 2 = UjVj for j = 0,1. 
We know that gi — u)‘^g 2 factors in two linear forms. A straightforward 
calculation shows that this happens if and only if 6 = aaz. There are 6 
points in /i = 5^1 = 0 and 6 in /2 = 52 = 0, and all these points yield cusps 
of C. If a point is contained in both sets, i.e. fi = gi = f 2 = g 2 = 0, then 
xy = uqVq = 51 — 52 = 0. One can now easily find that there are three 
points on /i = /2 = 5i = 52 = 0. In particular, C has at least 9 nine cusps, 
contradicting our assumption that we have 8 cusps. □ 

Remark 5.11. This result combined with Degtyarev’s proof of Oka’s conjec¬ 
ture shows that if C* is a cuspidal sextic with 8 cusps then the height pairing 
is always ZI 4 . 

Proposition 5.12. Let C be a cuspidal sextic with 9 cusps. Then C has 
precisely 12 toric decompositions and the height pairing is Eq. 

Proof. A sextic with 9 cusps is the dual of a smooth cubic. Hence there is 
only one family of such sextics. In particular, it suffices to determine the 
height pairing for one such curve. E.g. the curve 

X® - 2x^y^ - 2x^z^ + 5 ® - 2y^z^ -|- z^ 

has 9 cusps. Each of the conics xy = 0, 52 ; = 0, xz = 0 contains six cusps, 
which yields in total 18 toric decomposition. The height pairing of the 
subgroup generated by these decomposition is A 2 ® A 2 ® A 2 . This lattice 
has precisely 18 shortest vectors. 

The determinant of this lattice is 9. Hence either this is the Mordell-Weil 
lattice or the Mordell-Weil lattice is a root lattice of rank 6 and discriminant 
3. There is only one such lattice, namely Eq. The six cusps 

(0 : w : 1 ), (0 : 1 : 1 ), (1 : 0 : 1 ), (w : 0 : 1 ), : 1 : 0) and (w : 1 : 0) 

are also on a conic, yielding a further 6 toric decompositions. Hence the 
Mordell-Weil lattice is Eq and there are 72 shortest vectors. □ 

Remark 5.13. The Mordell-Weil lattices were first studied in the case of 
elliptic surfaces. Note that we have E{C{s,t)) C E{C{.s){t)). In our case 
we have that the latter elliptic surface is a rational elliptic surface over the 
algebraically closed field C(s) without reducible fibers. In this case we have 
that the Mordell-Weil lattices is Eg , and the Mordell-Weil group is generated 
by polynomials of degree at most 2 in t. The Mordell-Weil lattice associated 
with E{C{s,t)) equals Eg, with G = Gal(C(s)/C). Now G acts through 
a subgroup of W{E8). Even though Eg is generated by length 2 vectors, 
this statement is not true for every Eg for an arbitrary subgroup H of 
W{Eg). However, Degtyarev’s results now imply that Eg is generated by 
length 2 vectors. It would be interesting to have a more group-theoretic or 
arithmetic proof of this fact. (Note that E is an elliptic curve with complex 
multiplication. This implies that the Galois action factors through a small 
subgroup of W(Eg).) 
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6. Degree 12 cuspidal curves and Zariski pairs 

The Mordell-Weil group of elliptic threefolds associated with cuspidal 
sextics are generated by toric decompositions. We will now show that this is 
not true for degree 12 curves. Moreover, we use our construction to exhibit 
a Zariski pair of degree 12 curves with 30 cusps, with the same Alexander 
polynomial. 

We start by describing all cuspidal curves of degree 6k such that the 
Mordell-Weil lattice has a vector of length 2(/c + 1). 

For practical reasons we will use a slightly different notation from in the 
previous section. Let C = V{F), with F a homogeneous polynomial of de¬ 
gree 6k. We want to describe all F which have a (2, 3,6)-toric decomposition 
{f,g,h) with deg(/i) = 1. Without loss of generality we may assume that 
h = uq. Hence we look for a polynomials / and g of degree 2{k + 1) and 
3{k + 1), respectively, such that 

f-g^ = ylF 

holds. Write / = Y. fi{yi,y 2 )yl and g = Y 9i{yi,y2)yh- An annoying but 
straight-forward computation then shows that such a factorization exists if 
the fi, gi satisfy the relations from Table [H The u, f[, of this table are 
forms in yi,y 2 of the appropriate degree. If we assume that C is irreducible 
then u is nonzero and we find a reverse statement, i.e, the above equation 
are also necessary conditions. 

/o = 

fi = uf[ 

h = ^(/ i )^+''^/2 

ffo = 

9 1 = 

92 = + 

93 = g ((/l)^ + 6 i^/i/2 + I2/3M) 

9 i = ^(^i(/2)^+4/4M + 2/3/0 

95 = ^(-/ 0 / 0 ' + 8 / 5 n +4/4/1+4/3/0. 

lb 

Table 1. Relations among the fi and gj 


We claim that a general solution of the above system has 6k‘^ + 4fc — 2 
cusps. Indeed, we have that / = 0 and g = 0 intersect 6{k + 1)^ points. If 
yo / 0 at such a point then we have a cusp. If yo = 0 then also u vanishes 
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at this point. A straightforward computation shows that if we consider u 
and yo as local coordinates and then the local intersection number of / and 
g (as polynomials in C(/{,/ 2 ,/ 4 ,/ 4 ,/ 5 )[u, yo]) equals 9. Hence the number 
of distinct intersetion points of / = 0 and y = 0 is 6{k +1)^ — 8{k + 1). Note 
that F has also cusps at the intersection points of / and g where u vanishes. 
In particular C = V{F) has at least 6(/c + 1)^ — 8{k + 1) = 6/c^ + 4/c — 2 
cusps. 

In the case A: = 1 we have 8 cusps and it turns out that (/, g) is a linear 
combination of two toric decompositions. 

In the case k = 2 we checked with a computer in an explicit example 
that for one choice of the parameters we get a degree 12 curve C with 30 
cusps and no other singularities, and that ds/g equals 1. The corresponding 
Mordell-Weil lattice is of rank 2 and contains ^ 2 ( 8 ), with Gram matrix 



Niels Lindner [T3] constructed an example of a cuspidal curve C of de¬ 
gree 12 with 30 cusps and Alexander polynomial — t + 1. For this, he 
started with a sextic Cq with 6 cusps, admitting a toric decomposition. He 
pulled back Cq under a map —>• ramified above three inflectional 

tangents of Cq- Since the sextic is of torus type, then same holds for the 
pullback. Lindner showed that the Mordell-Weil lattice has rank 2 and that 
the Mordell-Weil group contains ^ 2 ( 2 ). 

To show that we have a Zariski pair we need: 

Lemma 6.1. The inner product spaces ^ 2 ( 2 ) (g) Q and ^ 2 ( 8 ) (g) Q are not 
isomorphic. 

Proof. Over Q we can diagonalize the pairing on A 2 {k). We have that 
A 2 {k) (g) Q is equivalent with a diagonal matrix with entries 2k, 6k. If we 
multiply a diognal entry by a nonzero square then we get an isomorphic 
inner product space. Hence ^ 2 ( 2 ) (g) Q is equivalent to the diagonal matrix 
with entries 1,3 and ^ 2 ( 8 ) (g) Q with diagonal entries 6 , 2 . 

If they were equivalent over Q then there would exist rational numbers 
xi,X 2 such that xf -|- 3x1 = 2 . A possible solution to this equation has to be 
3-adically integral. If we reduce the equation modulo 3 we find xf = 2 mod 3 
and this equation has no solution. □ 

Collecting everything we find that. 

Theorem 6.2. There exists a Zariski pair {C,C') of degree 12 curves with 
30 cusps and no further singularities, both having Alexander polynomial t^ — 
t 

Proof. By construction C and C are curves of degree 12 with 30 cusps and 
Alexander polynomial t‘^ — t + 1. If they do not form a Zariski pair then 
the Mordell-Weil lattices are the same by Proposition 15.11 However, both 
Mordell-Weil lattices have rank 2. The first Mordell-Weil lattices contains 
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^ 2 ( 2 ) and the second contains ^ 2 ( 3 ). Hence if the Mordell-Weil lattices 
where the same then ^ 2 ( 2 ) (8) Q and H2(3)(8>Q would be isomorphic as inner 
product spaces, which we excluded above. □ 

7. Application to elliptic surfaces and to families of isotrivial 

ABELIAN VARIETIES 

Our methods have an interesting application to the case of elliptic surfaces 
over non-algebraically closed fields: 

Proposition 7.1. Suppose that f € C[s,t] is an irreducible polynomial. 
Then the Mordell-Weil groups Ei{C{s,t)) of the elliptic curves Ei : y'^ = 
+ fx and E 2 '■ y"^ = x^ -\- are finite. 

Proof. We start with the latter case. After replacing t by a polynomial h{s, t) 
we may assume that g = /(s, h{s, t)) has degree divisible by 3, say 2>k. Since 
the Mordell-Weil group of contains E{C{s,t)) it suffices to 

consider this elliptic curve. Consider now the elliptic threefold x^-\-y^-\- 
g{zi/ zq, Z 2 /zo)zq^. The Weierstrass equation of this threefold is isomorphic 
to = x^ + y^. Since g{zi/ zq, Z 2 /zo)zq^ is an irreducible polynomial it 
follows from the main result of [2^ that the Alexander polynomial Aq of 
the associated curve does not vanish at for every m coprime with 

p and every integer a. In particular Ac does not vanish at C(l/3) and 
C(2/3). From our main theorem it then follows that the Mordell-Weil rank 
of E{C{s,t)) is zero. 

In the former case we can argue similarly. We first reduce to the case 
where the degree is divisible by 4. Then we consider y'^ = x^ + f. A direct 
computation shows that the Weierstrass equation of this elliptic curve is y^ = 
x^-\- fx. Then from Zariski’s result it follows that the Alexander polynomial 
of C does not vanish at C(l/4), C(l/2) and at C(3/4). In particular, from 
our main result it follows that the Mordell-Weil rank is zero. □ 

In particular we showed 

Proposition 7.2. Let L = C(s) the function field o/P^. If f & L[f\ is an 
irreducible polynomial then the rank of Ei{L{t)) for the elliptic curves 

El : y'^ = x^ f{t)‘^ and E 2 : y'^ = x^ f{t)x 

is zero. 

Remark 7.3. The above statement if also true if we take for L an algebraically 
closed field. In that case the degree of / is one and hence the elliptic surfaces 
over L associated with Ei and E 2 are rational elliptic surfaces with precisely 
two singular fibers. 

If L does not contain a third root of unity then t^ -\- 27 is irreducible and 
the elliptic surface 

y"^ = x^ + {t^ + 27)2 
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has a non-torsion L(t)-rational point with x-coordinate ^ — 9. If L does not 
contain a fourth root of unity then -|- 1 is irreducible and 

-|- l)x 

has a non-torsion L(t)-rational point with x-coordinate -|- 1. 

This suggest that the above proposition is true for very few non-algebra- 
ically closed fields L. 

It turns out that in this case we can obtain a much stronger result if we 
use the Albanese variety instead of Thom-Sebastiani: 

Theorem 7.4. Let A/C{s,t) be an abelian variety (with neutral element 
O E A{C{s,t))) such that there exists a finite cyclic extension K/C{s,t) of 
prime power degree p^ satisfying the following properties: 

(1) there exists an abelian variety curve Aq/C with Ak = {Aq)k; 

(2) the ramification divisor K/C{s,t) is a prime divisor and 

(3) the group A{C{s,t)) is finitely generated. 

Then A{C{s,t)) is finite. 

Proof. The abelian variety A/C{s,t) corresponds with a complex variety 
A together to a rational map A --•> such that the general fiber is an 
abelian variety. Moreover, our assumptions imply that the general fiber is 
isomorphic to Aq. 

Let C C be the curve corresponding to the ramification divisor of 
K/C{s,t). Let S be the ramified cover of degree p” of P^ ramified over C 
and a multiple of a general line, if necessary. Then by Zariski’s result [20] 
we have that h^{S) = 0. 

A C(s,t)-point of A yields a rational section P^ A. We can pull 
this section back under the base change map and obtain a rational section 
S ---> S X Aq. Such a rational section is the graph of a rational map 
S --■> Aq. Since a rational map into an abelian variety is defined everywhere 
[14t Theorem 3.2] we obtain that the section is the graph of a morphism 
(p : 5 —)• Aq. Since h^{S) = 0 it follows that this morphism is constant and 
that the image of this map is a torsion point. Hence the corresponding point 
of A{C{s,t)) is also a torsion point. Since A(C(s,t)) is finitely generated 
this implies that A(C(s,t)) is finite. □ 

Remark 7.5. A weaker form of this result was obtained by Libgober mi 
Theorem 1.2]. 

Remark 7.6. In the case of plane curves H/C(s, t) we did not have to assume 
that J{H){C{s,t)) is finitely generated. In that case we know that the 
corresponding threefold X in a weighted projective space has hfi{X) = 0. If 
A is a resolution of singularities then hf’{X) vanishes also. Using Poincare 
duality we get that h^{X) = 0. Hence Pic(A) is finitely generated. Since 
there is a surjective morphsim Pic(A) —)• J{H){C{s, t)), also the latter group 
is also finitely generated. 
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Corollary 7.7. Let A,B^C such that + 27B^ / 0. Let f E C[s, t] be 
an irreducible polynomial. Then the Mordell-Weil ranks over C{s,t) of the 
elliptic curves 

y‘^ = x^ + Afx + Bf, 7/2 = + fx and y'^ = x^ + f 

are all zero. 

Remark 7.8. Zariski’s theorem m is crucial to our proves. For a modern 
proof see [l]. 
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